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Boolean Graph Operator 
T.1,1&*
%

0%KDQXPDWKLD0.DYLWKDE
D*RYHUQPHQW$UWV&ROOHJHIRU:RPHQ3XGXNNRWWDL71,QGLD
E*RYHUQPHQW$UWV&ROOHJHIRU:RPHQ3XGXNNRWWDL71,QGLD
Abstract 
/HW*EH D VLPSOH ST JUDSKZLWKYHUWH[ VHW9* DQG HGJH VHW(*
T.1,1&*
%
 * LV D JUDSKZLWK
YHUWH[VHW9*(*DQGWZRYHUWLFHVDUHDGMDFHQWLIDQGRQO\LIWKH\FRUUHVSRQGWRWZRQRQDGMDFHQW
YHUWLFHV RI* D YHUWH[ DQG DQ HGJH QRW LQFLGHQW WR LW LQ* )RU VLPSOLFLW\ GHQRWH WKLV JUDSK E\%**
%RROHDQJUDSKRI*,QWKLVSDSHUVRPHSURSHUWLHVRI%**DUHVWXGLHG
7KH$XWKRUV3XEOLVKHGE\(OVHYLHU%9
3HHUUHYLHZXQGHUUHVSRQVLELOLW\RIRUJDQL]LQJFRPPLWWHHRIWKH*UDSK$OJRULWKPV+LJK3HUIRUPDQFH,PSOHPHQWDWLRQV
DQG$SSOLFDWLRQV,&*+,$
.H\ZRUGV%RROHDQJUDSK%**
1. Introduction 
/HW * EH D ILQLWH VLPSOH XQGLUHFWHG S T JUDSK ZLWK YHUWH[ VHW 9* DQG HGJH VHW (* )RU JUDSK
WKHRUHWLFWHUPLQRORJ\UHIHUWR+DUDU\>@%XFNOH\DQG+DUDU\>@
7KH JLUWK RI D JUDSK * GHQRWHG J* LV WKH OHQJWK RI D VKRUWHVW F\FOH LI DQ\ LQ * WKH
FLUFXPIHUHQFHF*LVWKHOHQJWKRIDQ\ORQJHVWF\FOH7KHGLVWDQFHGXYEHWZHHQWZRYHUWLFHVXDQGY


(PDLODGGUHVVEKDQXBNVS#\DKRRFRPDNDYLVGHY#JPDLOFRPE
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LQ* LV WKHPLQLPXPOHQJWKRIDSDWK MRLQLQJ WKHPLIDQ\RWKHUZLVHGXY f$VKRUWHVWXYSDWK LV
FDOOHGDXYJHRGHVLF$JUDSK*LVJHRGHWLFLIIRUHYHU\SDLURIYHUWLFHVXYWKHUHH[LVWVDXQLTXHVKRUWHVW
SDWKFRQQHFWLQJWKHPLQ*
 $Q HGJH XY (* LV D GRPLQDWLQJ HGJH RI* LI DOO WKH YHUWLFHV RI* RWKHU WKDQ X DQG Y DUH
DGMDFHQWWRHLWKHUXRUY
$VHWRISRLQWVLQ*LVLQGHSHQGHQWLIQRWZRRIWKHPDUHDGMDFHQW7KHODUJHVWQXPEHURISRLQWVLQ
VXFKD VHW LVFDOOHG WKHSRLQW LQGHSHQGHQFHQXPEHURI*DQG LVGHQRWHGE\ER*RUER$QDORJRXVO\DQ
LQGHSHQGHQWVHWRIOLQHVPDWFKLQJRI*KDVQRWZRRILWVOLQHVDGMDFHQWDQGWKHPD[LPXPFDUGLQDOLW\RI
VXFKDVHWLVWKHOLQHLQGHSHQGHQFHQXPEHUE*RUEER.S DQGE.S ¬S¼$VHWRILQGHSHQGHQW
HGJHVFRYHULQJDOOWKHYHUWLFHVRIDJUDSK*LVFDOOHGDIDFWRURUDSHUIHFWPDWFKLQJRI*
 $FRORULQJRIDJUDSK LVDQDVVLJQPHQWRIFRORUV WR LWVYHUWLFHV VR WKDW QR WZRDGMDFHQW YHUWLFHV
KDYH WKH VDPH FRORU 7KH FKURPDWLF QXPEHU Ȥ* LV GHILQHG WR EH WKH PLQLPXP Q IRU ZKLFK * KDV Q
FRORULQJ
 7KHPD[LPXPQXPEHURIPXWXDOO\DGMDFHQWYHUWLFHV WKDW LV WKH VL]HRI WKH ODUJHVWFRPSOHWH VXE
JUDSKVRI*LVNQRZQDVWKHFOLTXHQXPEHURI*DQGLVGHQRWHGZ*
 ,Q >   @ 71-DQDNLUDPDQ 0%KDQXPDWKL 60XWKDPPDL KDV GHILQHG DQG VWXGLHG WKH
SURSHUWLHVRI%RROHDQJUDSKV%** DQG%**0RWLYDWHGE\ WKLV KHUHZH KDYHGHILQHG WKH%RROHDQ
JUDSK%**
Theorem 1.1 >@ Ȥ*dǻ*
Theorem 1.2>@)RUDQ\VLPSOHJUDSK*Ȥ* șC*DQGER* ZC*
Corollary>@,I*LVVHOIFHQWHUHGZLWKGLDPHWHUGtWKHQC*LVVHOIFHQWHUHGZLWKGLDPHWHU 
Theorem 1.3 >@7KHIROORZLQJWKUHHVWDWHPHQWVDUHHTXLYDOHQW
%RWK*DQGC*DUHVHOIFHQWHUHGZLWKGLDPHWHUWZR
*LVVHOIFHQWHUHGZLWKGLDPHWHUWZRKDYLQJQRGRPLQDWLQJHGJH
1HLWKHU*QRUC*FRQWDLQVDGRPLQDWLQJHGJH
2. BG(G) and its Properties  
/HW*EHDVLPSOHSTTUDSKZLWKYHUWH[VHW9*DQGHGJHVHW(*  *.1,1&* T% LVDJUDSK
ZLWK YHUWH[ VHW9*(* DQG WZR YHUWLFHV DUH DGMDFHQW  LI DQG RQO\ LI  WKH\ FRUUHVSRQG  WR WZR QRQ
DGMDFHQW YHUWLFHVRI* D YHUWH[ DQG DQ HGJH QRW LQFLGHQW WR LW LQ*)RU VLPSOLFLW\ GHQRWH WKLV JUDSKE\
%**%RROHDQJUDSKRI*7KHYHUWLFHVRI%**ZKLFKDUHLQ9*DUHFDOOHGSRLQWYHUWLFHVDQGLQ(*
DUHFDOOHGOLQHYHUWLFHV9%** 9*(*(%** (   */(*7  
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Example:


*%**
  




  *
%**KDVSTYHUWLFHVSSRLQWYHUWLFHVZLWKGHJUHHSGHJXLTGHJXL STGHJXLDQGT
OLQH YHUWLFHV ZLWK GHJUHH S %** KDV TS TSS 


HGJHV DQG * KDV

 TT 
HGJHV
$OVRLWLVLPPHGLDWHIURPWKHGHILQLWLRQRI%**WKDW* DQG T. DUHLQGXFHGVXEJUDSKVRI%**
Theorem: 2.1 
*LUWKRI%**LVWKUHHLIDQGRQO\LIDQ\RQHRIWKHIROORZLQJLVWUXH
L* KDVDWULDQJOH
LL..LVDVXEJUDSKRI*
Proof: 
Case (i):7KUHHYHUWLFHVDUHSRLQWYHUWLFHV
 [\]DUHWKHSRLQWYHUWLFHVLQ%**DQGWKHVHIRUPDF\FOH&7KHVHYHUWLFHVDUHQRWDGMDFHQWLQ
*ZKLFKLPSOLHV* KDVDWULDQJOH
Case (ii):7ZRYHUWLFHVDUHSRLQWYHUWLFHVDQGDQRWKHURQHLVDOLQHYHUWH[
 [\EHWKHSRLQWYHUWLFHVRI%** DQG]EHDOLQHYHUWH[RI%**7KHQWKHOLQH] DELVQRW
LQFLGHQWWRWKHSRLQWYHUWLFHV[DQG\ZKLFKDUHQRWDGMDFHQWLQ*7KHQ..LVDVXEJUDSKRI*
Case (iii):7ZRYHUWLFHVDUHOLQHYHUWLFHVDQGRQHYHUWH[LVDSRLQWYHUWH[
 7KLVFDVHLVQRWSRVVLEOHVLQFH T. LVDQLQGXFHGVXEJUDSKRI%**
Y
Y Y
YH
HH
H YY
H
H
Y
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Y
H
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Case (iv):7KUHHYHUWLFHVDUHOLQHYHUWLFHV
 7KLVFDVHLVDOVRQRWSRVVLEOHVLQFH T. LVDQLQGXFHGVXEJUDSKRI%**
Theorem: 2.2 
%**KDVDGRPLQDWLQJHGJHLIDQGRQO\LIGLDP*t
Proof: 
%**KDVDGRPLQDWLQJHGJHH [\(%**
Case (i):%RWKYHUWLFHVRIDQHGJHHDUHSRLQWYHUWLFHV
 [DQG\EH WKHSRLQW YHUWLFHVRI%**7KHQ[DQG\DUHQRWDGMDFHQW LQ*$OO WKHYHUWLFHVRI
%**DUHDGMDFHQW WRHLWKHU[RU\RUERWK7KHUHIRUH[\ LVDGRPLQDWLQJHGJH LPSOLHV L DOO WKHSRLQW
YHUWLFHVDUHDGMDFHQWWR[RU\RUERWKLQ* DQGLQWKLVFDVH[\LVDGRPLQDWLQJHGJHLQ* LL,Q* D
YHUWH[LVDGMDFHQWWRHLWKHU[RU\RUERWK7KLVLPSOLHVLQ*WKHUHLVQRYHUWH[ZKLFKLVDGMDFHQWWRERWK[
DQG\7KDWLV*KDVWZRYHUWLFHVDWGLVWDQFHDWOHDVWDQGDOOWKHOLQHYHUWLFHVDUHDGMDFHQWWR[RU\RUERWK
VLQFH[DQG\DUHQRWDGMDFHQWLQ*+HQFHLQLDQGLLGLDP*t
Case (ii):[LVDSRLQWYHUWH[DQG\LVDOLQHYHUWH[
 [EHDOLQHYHUWH[DQG\EHDSRLQWYHUWH[LQ%**DQG[ DEEHWKHOLQHLQ*7KLVOLQH[LVQRW
LQFLGHQWWR\7KHQYHUWLFHVDDQGEDUHDGMDFHQWWR\$OOWKHOLQHYHUWLFHVDUHQRWDGMDFHQWWR[DQGLQFLGHQW
HGJHVRI[DUHQRWGRPLQDWHGE\[RU\7KHUHIRUHWKLVFDVHLVQRWSRVVLEOH
Case (iii):%RWKYHUWH[DUHOLQHYHUWH[
 $Q\WZROLQHYHUWLFHVLQ%**DUHQRWDGMDFHQW7KHUHIRUHWKLVFDVHLVQRWSRVVLEOH
Theorem: 2.3 
,I*KDVDQLVRODWHGYHUWH[WKHQJ%** 
Proof: 
 /HW[EHDQLVRODWHGYHUWH[LQ*7KHQ[LVDGMDFHQWWRDOOWKHSRLQWYHUWLFHVDQGWKHOLQHYHUWLFHVLQ
%**7KHUHIRUHJ%** 
Theorem: 2.4 
%**KDVDQLVRODWHGYHUWH[LIDQGRQO\LI* .QRU.
Proof: 
 /HW* .Q7KHQREYLRXVO\%**KDVDQLVRODWHGYHUWH[ZKLFKLVWKHFHQWUDOYHUWH[RI.Q
 $VVXPH%**KDVVRPHLVRODWHGYHUWH[
Case (i): 
 6XSSRVH WKLV LVRODWHG YHUWH[ RI %** LV D SRLQW YHUWH[ X9* 7KHQ DOO WKH HGJHV PXVW EH
LQFLGHQWZLWKXDQGYHUWLFHVPXVWEHDGMDFHQWZLWKXLQ*7KLVJLYHV* .Q
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Case (ii): 
 6XSSRVHWKLVLVRODWHGYHUWH[RI%**LVDOLQHYHUWH[H7KHQ*KDVRQO\WZRYHUWLFHVXYZKHUH
H XY(*7KLVLPSOLHVWKDW* .
Theorem: 2.5 
/HW*EHDGLVFRQQHFWHGSTTUDSKWKHQ%**LVFRQQHFWHG
Proof: 
 /HW*EHDGLVFRQQHFWHGJUDSK
Case (i):*KDVDWOHDVWRQHLVRODWHGYHUWH[
 (YHU\QRQDGMDFHQWYHUWLFHVDUHDGMDFHQWLQ%**DQGWKLVLVRODWHGYHUWH[LVDGMDFHQWWRDOOQRQ
LQFLGHQWOLQHYHUWLFHV7KLVLPSOLHV%**LVFRQQHFWHG
Case (ii):*KDVDWOHDVWRQHLVRODWHGHGJH
 /LQHYHUWH[H XYLVDGMDFHQWWRDOORWKHUSRLQWYHUWLFHVLQ%**DQGWKHSRLQWYHUWLFHVXDQGY
DUHDGMDFHQWWRHDFKRWKHUOLQHYHUWLFHVLPSOLHV%**LVFRQQHFWHG
&DVHLLL*KDVWZRFRQQHFWHGFRPSRQHQWV
 /HW*DQG*EHWKHWZRFRQQHFWHGFRPSRQHQWVRI*2EYLRXVO\%**LVFRQQHFWHG
Theorem: 2.6 
,I*LVDUHJXODUJUDSKWKHQ%**LVDELUHJXODUJUDSKLISt%**LVUHJXODULIDQGRQO\LI* .QIRU
Q 
Proof: 
 /HW*EHDUHJXODUJUDSKZLWKGHJUHHU,Q%**HYHU\SRLQWYHUWH[KDVDGHJUHHSUTU 
STUDQGOLQHYHUWLFHVKDYHGHJUHHS7KHQ%**LVDELUHJXODUJUDSK
Theorem: 2.7 
F%** F* RUF* 
Proof: 
 *  DQG T.  DUH LQGXFHG VXEJUDSKV RI %** ,I D OLQH YHUWH[ LQ %** LV DGMDFHQW WR SRLQW
YHUWLFHVKDYLQJF* FRORXUVWKHQF%** F* 2WKHUZLVHF%** F* 
Theorem: 2.8 
,I*LVFRQQHFWHGJLUWKRI *LVWKUHH
Proof: 
 &RQVLGHUDQHGJHH(*VXFKWKDWH XY7KHQHXYLVDWULDQJOHLQ *+HQFHJLUWKRI
*LVWKUHH
Note: *LVDWULDQJOHLIDQGRQO\LI* .
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Theorem: 2.9  
*KDVDQLVRODWHGYHUWH[LIDQGRQO\LI*KDVDQLVRODWHGYHUWH[
Proof: 
 /HW[9 *EHDQLVRODWHGYHUWH[
 $VVXPH *KDVDQLVRODWHGYHUWH[6LQFHE\WKHGHILQLWLRQHYHU\OLQHYHUWH[LVDGMDFHQWWRLWV
LQFLGHQWSRLQWYHUWLFHV *[PXVWEHDSRLQWYHUWH[+HQFHGHJ[ LQ *LIDQGRQO\LIGHJ*[ 
LH[LVDQLVRODWHGYHUWH[RI*
Theorem: 2.10 
*KDVDGRPLQDWLQJHGJHLIDQGRQO\LIDQ\RQHRIWKHIROORZLQJLVWUXH
L *LVDJUDSKRIUDGLXVRQH
LL *KDVDSHUIHFWPDWFKLQJ.
LLL *LVDW\SHRI





Proof: 
,I *KDVDGRPLQDWLQJHGJH[\WKHQHYHU\YHUWH[LQ *LVDGMDFHQWWRHLWKHU[RU\
Case (i):[EHDSRLQWYHUWH[DQG\EHDOLQHYHUWH[
[\LVDGRPLQDWLQJHGJHLQ *LPSOLHV[LVLQFLGHQWZLWK\LQ*/HW\ \\(*ZKHUH\ [,Q
*\LVDGMDFHQWWR *DOOOLQHYHUWLFHVDQGDGMDFHQWSRLQWYHUWLFHV\\RQO\+HQFHDOORWKHUSRLQW
YHUWLFHVPXVWEHDGMDFHQWWR[LQ*
7KLVLPSOLHVH[ LQ*7KDWLV*LVDJUDSKRIUDGLXVRQH
Case (ii):%RWKYHUWLFHVDUHOLQHYHUWLFHV
 /HW[\(*DQG.TLVWKHLQGXFHGVXEJUDSKRI *$OOOLQHYHUWLFHVDUHGRPLQDWHGE\[DQG
\[DQG\GRPLQDWHVWKHSRLQWYHUWLFHVLQFLGHQWZLWKWKHPRQO\[DQG\PD\EHDGMDFHQWRUQRWDGMDFHQWLQ
*,I[DQG\DUHDGMDFHQWWKHQ*LV.RU.,I[DQG\DUHQRWDGMDFHQWWKHQ*KDVDSHUIHFWPDWFKLQJ
.
Case (iii):%RWK[DQG\DUHSRLQWYHUWLFHV
 [\LVDGRPLQDWLQJHGJHLQ*DQGDOOHGJHVLQ*DUHLQFLGHQWZLWK[RU\RUZLWK[DQG\ 
7KLVLPSOLHV*LVRIWKHDERYHJUDSK
Note: 
 (YHU\OLQHLQ*IRUPDWULDQJOHLQ *DQG *KDVDWOHDVWTWULDQJOHV
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Theorem: 2.11 
*LVJHRGHWLFLIDQGRQO\LI* .P
Proof: 
 ,I* .P *LVJHRGHWLF1RZDVVXPHWKDW *LVJHRGHWLF6XSSRVH*z.PSDQG
*LVQRQWULYLDOLPSOLHV *FRQWDLQV&+HQFH *LVQRWJHRGHWLF7KLVSURYHVWKHWKHRUHP
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